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The network of forces between contacts in a granular material determines the response of the material to an
external perturbation. As the shear stress is increased, a static, rigid material can start to yield and flow as it
becomes unjammed. The time- and ensemble-averaged distribution of forces shows a marked change in
character at this jamming-unjamming transition. Here, we investigate the temporal fluctuations of the forces
between individual particles and the external boundary in a dense, slowly sheared system. We find that the
fluctuations occur over a very broad range of time scales, resulting in power spectra characterized by a
1 / f-type shape and a rollover to 1 / f2 behavior above a turnover frequency f�. At very low frequencies
additional enhancements over the 1 / f contributions are observed in regions of significant in-plane shear.
Moreover, the magnitude of the force fluctuation spectra produced by one particle is different from those
produced by its neighbors. Such heterogeneities persist over periods of time exceeding our measurement
interval �60 h�. In this respect they are reminiscent of the dynamic heterogeneities that occur in liquids
supercooled toward the glass transition temperature.

DOI: 10.1103/PhysRevE.77.061308 PACS number�s�: 45.70.�n, 74.40.�k, 71.55.Jv, 47.57.Gc

Granular material is precariously perched on the threshold
between two very different kinds of behavior—depending on
the nature of the force network between its constituent par-
ticles, a granular material can either maintain its rigidity and
withstand shearing forces like a solid or yield to the shear
and flow as if it were a fluid �1�. What are the differences in
the force networks between the rigid and the flowing states
that allow such a dramatic change in material properties as
the system unjams �2,3�? We have previously shown that in
the flowing, or sheared, regime the distribution of contact
forces between particles and the wall can be modeled as an
equilibrium system with an effective temperature, whereas in
the static, rigid, solid the force-magnitude distributions are
those of an out-of-equilibrium system �4�. These measure-
ments considered ensemble- and time-averaged distributions.
In the present paper, we study how the contact force of a
single particle fluctuates over time as the granular material is
sheared. We find that these local fluctuations have an ex-
tremely broad distribution of time scales. Moreover, when
we measure the fluctuations of seemingly identical neighbor-
ing particles, we find large differences in the intensity of the
fluctuations over the course of our longest measurement in-
terval �60 h�. This result is surprising, since the particles are
all in the same environment undergoing shear, and is remi-
niscent of the dynamic heterogeneities that appear in glasses
near the glass transition.

The time- and ensemble-averaged distribution of contact
forces has been investigated extensively for static, un-
sheared, granular media �5–18�. By contrast, the temporal
variations of contact forces and impulses in sheared material
have been studied in only a few situations by experiment
�18–20� and simulation �21�. Experiments in two-
dimensional �2D� systems tracked individual particles. Ex-
periments in 3D systems used a fixed force transducer
mounted flush with the container wall; when beads traveled
over the transducer surface the measurements recorded the
net force or impulse of all particles in contact with it at a

given time which, depending on the transducer area and bead
size, could be hundreds of beads. The resultant data therefore
were a convolution of the force fluctuations of many beads
with the step function of each bead entering and exiting the
measurement surface. Our experiments use a different ap-
proach that tracks the motion of single particles at the bound-
ing surface of 3D systems and records the individual contact
force variations locally.

In order to measure force fluctuations occurring on a
single particle, we use the same shear cell, shown schemati-
cally in Fig. 1, as was used to measure the time-averaged
distribution of contact forces between particles and the bot-
tom plate �4�. Particles are sheared by rotating the roughened
plunger at the top surface at fixed angular velocity
�=2�fdrive. This plunger is maintained at constant vertical
pressure by loading it with a stiff spring �monitored by an-
other force transducer�. Because the bottom and sidewalls of
this shear cell are stationary, the rotating plunger results in a
complex shear flow profile where particles are retarded by
friction with the side and bottom but nevertheless can slip
along those surfaces. Granular material, consisting of
3.06�0.04 mm diameter soda lime glass beads, is confined
in a cylinder or radius R=6.5 cm and filled to a height of
approximately H=4.5 cm �15 bead diameters�. For the ex-
periments reported here, the plunger at the top surface rotates
at a frequency fdrive=0.18 Hz and applies a compressive
force of 1380 N, chosen to bring the average force on each
bead into a range appropriate for easy detection and mea-
surement.

The contact forces in the normal direction applied by each
individual bead on the bottom plate are detected using a
photoelastic force transducer covering the whole bottom sur-
face of the cylinder. This force transducer consists of a thin
layer of photoelastic polymer �Vishay Micro-Measurements,
Raleigh, NC, thickness 0.25 mm, hardness 80 Durometer�,
mirrored on its top surface and bonded to a 9.5-mm-thick
clear glass plate for mechanical support. The position and
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magnitude of the force from each individual particle can be
measured by imaging this plate through an analyzer oriented
to block unrotated light so that local contact forces appear as
bright spots. For tracking and analysis of these spots the
image resolution is chosen to have a minimum of 4
�4 pixels per spot. In order to determine the force magni-
tudes, the local brightness is calibrated everywhere on the
bottom surface against a known applied force. This is
achieved by analyzing the data from a slowly rotating mono-
layer of beads, compressed against the bottom by a soft rub-
ber sheet sandwiched between the beads and the plunger. To
obtain the temporal fluctuations over a broad dynamic range,
we videotape our force transducer at rates from 0.1 to 3000
frames/s and over intervals ranging from 1 s to 60 h. High
frame rates are obtained using a Phantom V7, and mid and
low frame rates are obtained with a Sony DCR-VX2000
digital video camera. Upon taking the Fourier transform of
these data, this results in a usable frequency range covering
eight orders of magnitude from f =10−5 to 103 Hz.

Our apparatus also allows us to measure the velocity pro-
file at the bottom and side boundaries. Since the confining
cylinder is transparent, we can measure the azimuthal
velocity V��z� of the particles traveling along the sidewalls
as a function of depth from the top surface, z. Figure 2�a�
shows that the azimuthal velocity V� as a function of depth
decays exponentially. Therefore the vertical shear strain rate

at the confining side wall, �̇z=dV� /dz, decays exponentially
as �̇z= �̇z0

exp�−z /z0� with a characteristic length
z0=2.93	0.26 mm �i.e., approximately 1 bead diameter�
and prefactor �̇z0

= fdrive2�R /z0=4.0 s−1. This is in agree-
ment with the results of Ref. �22�, albeit with a slightly faster
decay, presumably because of additional shear caused by the
wall friction. At the bottom surface, we measure the local
angular velocity ��r� as a function of radius r by tracking the
motion of beads as imaged by the force transducer and com-
pute the radial shear strain rate �̇r=r d��r� /dr. This is
shown in Fig. 2�b�. We find that the sidewalls introduce a
radial shear which also decays exponentially with distance
from the sidewalls, �̇r= �̇z0

exp�−�R−r� /r0� with a character-
istic length r0=9.5	1.3 mm ��3 bead diameters� and pref-
actor �̇r0

=6�10−4 s−1. Further, since the photoelastic poly-
mer that makes up the bottom surface is relatively smooth,
we find that there is significant slip present between the
beads and the bottom surface, such that ��r� does not equal
zero even in the region in which �̇r is zero.

Figure 3�a� shows a representative time series of the re-
corded force fluctuations on the bottom plate by plotting the
time variation of brightness for an individual bead labeled by
j. There are fluctuations on every time scale as can be seen
by expanding the time axis �Figs. 3�a�–3�e��. We show this
quantitatively below. As previously reported by Behringer
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FIG. 1. Schematic diagram of the force-fluctuation measurement
apparatus.
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FIG. 2. �Color online� �a� Azimuthal velocity V� at the outer
wall as a function of depth below the surface z. �b� Radial shear
strain rate �̇r measured along the bottom plate of the system as a
function of distance from the wall, R−r. Lines are fits to the data.
Insets show representative traces of a single particle moving for 2
min along the sidewall �a� and for 20 min along the bottom plate
�b�, superimposed on snapshots of the whole field of view.
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and co-workers, the fluctuations are large compared to their
mean �18�. To study the nature of these fluctuations, we com-
pute the power spectrum Sj�f� of the time trace for each
tracked bead �Fig. 3�f��. The time-averaged force on a grain
is proportional to the dc value of the power spectrum. Rather
than observing the 1 / f2 decay characteristic of a single re-
laxation time, we observe a much broader distribution. There
is no sharp peak corresponding to a dominant shear strain
rate that one might expect if, for example, the most rapid
rearrangements near the top surface dominated the fluctua-
tions in the force network.

We demonstrate that beads experiencing the same local
environment exhibit significantly different fluctuation magni-
tudes so that even over the longest intervals studied �60 h�
the time-averaged mean force varies from particle to particle.
However, all beads at a given distance from the center ex-
hibit power spectra with the same characteristic shape. In
Fig. 3�g�, we show Sj�f� for two neighboring beads at the
same radius �r=40 mm� that are measured over the same
interval of �3 h. They were explicitly chosen to have time-
averaged mean forces that were within 20% of each other
over this period. During this time the grains remain neigh-
bors and trace out circular paths that make several revolu-
tions along the bottom plate of the system, while over the
same interval the top piston makes several thousands of
revolutions. During this time any small, residual variations in

forcing as a result of slight wobbles in the driving plate
above or imperfections in the force transducer below would
be experienced by both beads. Thus, any differences in the
power spectra of the two beads must result from persistent
differences in the interactions between each bead and the
network of forces in the system. Over this period, as seen in
Fig. 3�g�, the respective power spectra of these two beads
exhibit a similar frequency dependence, yet their magnitudes
differ by about a factor of 4. Thus, two beads chosen to be
experiencing the same local environment, compressed with
nearly the same time-averaged force will undergo fluctua-
tions in force with power spectra of differing strength. More-
over, for neighboring beads experiencing differing time-
averaged forces, we find the strength of the spectra and the
average force on a bead to be uncorrelated.

To obtain better statistics on the shape of the power
spectra, we can determine a mean spectrum Sr�f� averaged
over all the beads in an annulus at radius r centered on the
axis of rotation. Each annulus has a width of 3 mm, i.e., 1
bead diameter. In each annulus, the beads all travel with the
same average angular velocity and the same average strain
rate. In Fig. 4 these spectra cover a frequency range
10−5
 f 
103 Hz, obtained by superposing the spectra com-
puted at three sampling rates: 3 kHz, 30 Hz, and 0.1 Hz. The
lengths of these runs were 1 s, 1 h, and 60 h, respectively.

The simplest shearing conditions occur near the center of
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FIG. 3. �Color online� Time series of intensity and power spectra of forces exerted by individual particles at r=40 mm. �a�–�e� Intensity
of the brightness due to the force of a single particle over different time periods as indicated. There are fluctuations over all the time scales
measured �up to 60 h�. �f� Power spectrum for a single bead, calculated directly from the data in �a�–�e�. No binning or averaging was
performed. �g� Comparison of binned power spectra for two neighboring particles at the same distance r=40 mm from the center, showing
that there is heterogeneous dynamics in the system that persists over times scales that are long compared to the individual rearrangements
of the beads or the driving shear rate at the top surface.
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the pack, 0
r
3 mm. There the in-plane shearing is insig-
nificant �i.e., �̇r=0� and near the bottom the material moves
as a solid plug, slowly slipping over the bottom surface.
From Fig. 4 we find 1 / f behavior at low frequencies, rolling
over to 1 / f2 behavior above a characteristic turnover fre-
quency f�. This high-frequency rollover to 1 / f2 behavior is
similar to that seen with fixed transducer measurements in
Ref. �18�. The turnover frequency is of the same order of
magnitude as the shear strain rate imposed by the top plunger
��1 Hz�. Effectively, this imposed rate sets the upper limit
for frequency scales at which particle rearrangements can
occur, causing the spectra to roll off as 1 / f2 above f�.

It is not obvious why the system should also rearrange at
time scales stretching all the way to the maximum duration
of our measurements, 60 h. Evidence for 1 / f� behavior, with
0
�
2, at low frequencies was previously found by Be-
hringer et al. in 3D experiments using a fixed transducer as
well as in 2D experiments using birefringent disk packings
�18,19�. In those experiments, however, the frequency span
was too limited to allow for a clear identification of the
power-law exponent.

For annuli farther from the center, the radial shear �̇r in-
creases as shown in Fig. 2�b�. The overall shape of Sr�f�
remains similar to that near r=0 with a 1 / f region turning
over to a 1 / f2 region above a frequency f�. The value of f�

increases slightly with radius as shown in the inset of Fig.
4�b�, and the roughly linear dependence of f� with radius r
for r�5 appears to reflect the linear increase of azimuthal

velocity, and therefore shear rate, as a function of radius
imposed by the plunger. Normalizing the frequency axis by
the turnover frequency, all spectra can be plotted on a single
master curve �Fig. 5�. There is a very good collapse of the
data except at the very lowest frequencies. This is in line
with the finding of Ref. �18�, based on experiments in which
the driving frequency was varied, that the fluctuations are
essentially rate independent.

The deviations from scaling seen in Fig. 5 appear to be
due to a radius-dependent low-frequency enhancement to
Sr�f�. As can be seen from Fig. 4, this feature moves toward
higher frequency as r increases toward R, the radius of the
outer wall. This enhancement can be most easily detected if
we remove the 1 / f contribution from the data by multiplying
the noise power Sr�f� by the frequency f �Fig. 4�b��. At the
center of the cell, we are not able to see any enhancement. At
the largest radius, near the wall, the enhancement has a peak
near 3�10−4 Hz.

The crossover from 1 / f to 1 / f2 behavior above f� can be
modeled in the standard way �23� for treating 1 / f noise. To
model this behavior we assume that the fluctuation spectrum
is the sum of individual Lorentzian processes each with a
characteristic frequency fc and a distribution of characteristic
frequencies with the following form:

D�fc� = �/fc, fc 
 f�,

0, f� 
 fc.
� �1�

The power spectrum is the integral of all the Lorentzian con-
tributions centered at fc:

S�f� = �
0

�

D�fc�
fc

fc
2 + f2dfc =



f �arctan
f�

f � . �2�

This produces 1 / f behavior at frequencies below f� and 1 / f2

above f�.
We can tentatively interpret the distribution of character-

istic frequencies, D�fc�, as due to a distribution of shear rates
as a function of height. The total force exerted by a bead on
the bottom plate is affected by the shearing of all the beads
lying above it in the system. As shown in Fig. 2�a�, at the
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FIG. 4. �Color online� Power spectra Sr�f� averaged over all
particles in an annulus at given radius r. �a� Power spectra in 3-mm-
wide annuli centered at r=1.5, 7.5, 16.5, 22.5, 34.5, 43.5, 52.5, and
61.5 mm �top to bottom; the spectra from different annuli are offset
vertically for clarity�. �b� fS�f� for the same data as in �a� to show
the enhancement above the 1 / f behavior at low frequency.
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FIG. 5. �Color online� Master curve of all the power spectra.
The horizontal axis has been scaled by the turnover frequency f�.
The line is a fit to Eq. �2�.
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outer edge of the system, there is an exponentially wide dis-
tribution of shear rates in the vertical direction: �̇z= �̇z0ez/z0.
Although we cannot measure the vertical shear rate inside
the pack, we assume that it follows the same functional form
as seen at the edge with the same decay constant z0 but with
a radius-dependent overall scale factor �̇z0�r�. By comparing
��r� measured at the bottom surface to the drive frequency at
the top surface, we can deduce that �̇z0�r� in the center is
decreased by less than an order of magnitude from the value
measured at the edge of the pack.

If each layer of beads produces a characteristic frequency
fc equal to the local shear rate �̇z, then one will observe a
distribution of frequencies, D�fc�=D�z�	dz /dfc	=z0 / fc,
which is the same form as Eq. �1� with  replaced by z0.
Within this picture the broad 1 / f character of temporal fluc-
tuations arises from an exponential distribution of shear
strain rates above the bottom layer. Thus, in contrast to the
time- and ensemble-averaged force distributions P�f� �4–18�,
Sr�f� contains information about the way forces propagate
through the 3D material. Although this is an appealing pic-
ture which reproduces the overall characteristics of the
power spectrum shown in our data in Fig. 4, we note that it
is not clear that the effect of shear from each layer can sim-
ply be integrated as was done to arrive at Eq. �2�.

Because the shear rate �̇z depends on depth, spectra taken
over a finite duration at the bottom surface sample only the
fluctuations that occur due to shear above a cutoff depth.
Thus, the lowest frequency sampled sets the depth z below
which fluctuations cannot be detected. For the data in Fig. 4,
this lowest frequency, and thus slowest detectable shear rate,
is 10−5 s−1, corresponding to a depth of z�31	3 mm,
where the error is set by our assumption that �̇z0�r� at the
bead’s radius is within an order of magnitude of the value
measured at the side wall. Given the total packing height of
45 mm, this means that, over the measurement interval, the
packing configuration in the bottom 3–5 layers appeared es-
sentially frozen. While this frozen configuration then acted
as a transmitter for faster force fluctuations from layers
above, its own heterogeneous fabric of local contact forces
was not sufficiently shuffled, preserving the different sensi-
tivity to fluctuations that characterizes different force paths
through an effectively static granular medium. If the system
were measured over a time period longer than the time scale
set by the shear strain rate at the bottom surface �and signifi-
cantly longer than is accessible to this experiment� then
neighboring beads should experience identical power spec-
tra.

The ability to track the forces on individual beads over
time allows us to probe fluctuations that are inaccessible to
measurements employing fixed transducers �18–20�. At very

low frequencies, we have shown that there is an extra con-
tribution to S�f� which increases as a function of radius. We
suggest that this enhancement is due to the presence of the
in-plane shearing that grows in magnitude near the sidewalls,
�̇r= �̇r0e−��R−r�/r0�. We note that �̇r0�10−3 Hz, which is ap-
proximately in the right frequency regime to match excess
fluctuations shown in Fig. 4�b�.

The diversity in the dynamics we find in sheared granular
materials is reminiscent of the dynamical heterogeneities
�24–29� that are observed in liquids as their temperature is
lowered toward the glass transition temperature. In those sys-
tems, there are also heterogeneities where molecules in one
region of the liquid can have abnormally slow dynamics that
persist for periods that are ostensibly much longer than the
average relaxation time for the liquid at that temperature.
The fluctuations that we observe in the forces on individual
beads likewise persist over time scales much longer than
those set by the average shear strain rate throughout the sys-
tem. This phenomenon is visible because we are able to view
the forces exerted by multiple individual beads over a long
period of time and would be washed out if the measurement
were insensitive to individual particle forces �18–20�. In our
granular experiments, this heterogeneity is caused by local
dynamics near the bottom surface, where the forces are mea-
sured, being much slower than in regions higher in the cell.
Nevertheless, the higher-frequency fluctuations—caused by
shear in the upper layers—can be detected in this region.

In conclusion, we have observed the temporal force fluc-
tuations on individual particles in a granular system as it is
being sheared. Because of our wide dynamic range of eight
orders of magnitude in frequency, we are able to identify
features that would otherwise be difficult to detect, such as
the knee in the spectrum and the excess of very low-
frequency fluctuations. As in other disordered systems, such
as glasses, we find a very broad distribution of time scales
that produces slow, nonexponential, relaxation. In our case,
we have ascribed this distribution to the very rapid variation
of shear rate as a function of the depth. Likewise, the low-
frequency enhancement is consistent with contributions from
radial, in-plane, shearing produced by the sidewalls. A fur-
ther analogy with glassy systems can be found in the hetero-
geneous dynamics as observed in the fluctuations: adjacent
particles have very different dynamics which persist over
many times the relaxation rate set by the average shear strain
rate throughout the system.
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